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Until recently there has been nothing in the geomagnetic literature giving the Gauss coefficients (equivalent to
magnetic multipole moments) for the magnetic scalar potential produced outside a finite-sized region of electric
current. Nor has there been an expression for the corresponding magnetic vector potential. This paper presents
a simple expression for the Gauss coefficients in terms of a volume integral over the current, and also a series
expansion of the vector potential in terms of these coefficients. We show how our result is related to the classical
expressions for the scalar potential given by a spherical current sheet, and to the results of the recent papers by
Engels and Olsen (1998), Stump and Pollack (1998) and Kazantsev (1999).
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1. Introduction
In considering the main geomagnetic field outside the
Earth, most workers specify the field by its scalar poten-
tial expanded in terms of spherical harmonics, and the cor-
responding Gauss coefficients, which are scaled versions
of the classical multipole moments. There is a similar ap-
proach in electrostatics, and many classical texts show how
to calculate these moments by integrating over the electric
charges (or the equivalent magnetic monopoles) that are the
source of the field. However the source of the main geo-
magnetic field is not monopoles but electric currents, and
there did not appear to be in the literature general expres-
sions for calculating the moments (higher than the dipole)
by integrating over the current system. Nor were there read-
ily available expressions for the equivalent vector potential
distribution. The present paper derives explicit expressions
for the Gauss coefficients as integrals over an arbitrary cur-
rent distribution. It also presents the vector potential ana-
logue of the scalar spherical harmonics, and relates the mo-
ments in the two approaches. It compares our results with
those of previous workers in a consistent notation.
As is usual, we assume that the source current density
J is varying so slowly in time that we can assume that
div J = 0. We are concerned only with real current density,
so ignore the effect of any magnetisation. The rest of this
Introduction presents the basic ideas of magnetic scalar and
vector potentials, and of toroidal and poloidal fields.
1.1 Magnetic scalar potential, poles and multipoles
If the sources of magnetic field are within a limited region
V , then outside this source region we have curl H = 0,
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so the resulting magnetic field at the field point r can be
expressed as the gradient of a scalar potential,
H(r) = − grad φ(r). (1)
In the external region we also have div B = div(µH) = 0,
so in a region of constant permeability µ the potential φ is
a solution of the Laplace equation ∇2φ = 0.
If the source is a single magnetic pole of strength p (a
fictitious, but useful, analogue of an electric charge) at the
origin, then we have
φ = p/4πr = moment(0)/4πr = M (0)/4πr, (2)
where the choice of notation, degree l = 0, will be ex-
plained later. If we have two poles of strength +p and −p,
centred at the origin but displaced from each other along the
z-axis by a distance δz, the resulting potential is approxi-
mately
φ = (−pδz/4π)∂(1/r)/∂z = (pδz/4π)(z/r3). (3)
If we keep the product pδz constant at the value M (1)z as
we go to the limit δz → 0, we have a (fictitious) degree 1
point-dipole source for which the external potential is
φ = M (1)z (z/4πr3) = M (1)z (cos θ/4πr2). (4)
Similarly, taking two z-axis dipoles of opposite sign dis-
placed along the x-axis would give a zx-quadrupole. In
general, a degree l multipole has a moment M (l) involv-
ing l factors of displacement, and potential falling off with
distance as 1/rl+1; an arbitrary degree l multipole can be
specified in terms of (2l + 1) independent moments.
1.2 Scalar potential of a distributed source
If the source is a distribution having magnetic pole den-
sity ρ(s) at source point s then at the field point r Eq. (2)
i






|r − s|dV (s), (5)
where the integration is over the source region. It is conve-





Mi Ri (r) (6)
where the Mi are moments that depend only on the source,
i.e. on the distribution of ρ(s), and the Ri (r) are functions
that depend only on the position r of the field point; we
will see that this corresponds to replacing the actual source
distribution ρ(s) by a series of (fictitious) point multipole
sources, all at the origin. (Note that if we choose to mea-
sure r from a different origin, then in general the moments
Mi will change; only the first non-zero moment is indepen-
dent of the choice of origin—see e.g. Raab and De Lange,
2005, section 1.7.) Provided we are content to restrict the
field point to being outside a sphere that contains all the
sources (so that r > smax), we can do this by expanding
1/|r − s| as a power series in s. The successive degree
l = 0, 1, 2, . . . terms in this series lead to moments that are
integrals over the source in which the source density ρ(s)
is (in effect) weighted by sl , and the spatial function Ri (r)
decays with distance as 1/r (l+1). However there are several
possible choices of power series, and different choices lead
to different selections and numbers of moments.
We will use the spherical harmonic addition theorem for
s < r ,
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Sml (θr , λr )S
m
l (θs, λs). (7)
(Throughout our paper we use real Sml , and Schmidt semi-
normalised Pml (cos θ), with S
m
l (θ, λ) = Pml (cos θ) cos mλ
for positive m, and Sml (θ, λ) = P |m|l (cos θ) sin |m|λ for
negative m. These Sml (θ, λ) have mean-square value over







Sml (θr , λr )
∫








where the spatial functions Rml (r) are the harmonic func-
tions (orthogonal over the sphere)
Rml (r, θr , λr ) =
1
rl+1
Sml (θr , λr ), (9)
and the moments Mml are given by
Mml =
∫
sl Sml (θs, λs)ρ(s)dV . (10)
The volume integral is to be taken over the whole source
region, and (8) is convergent outside the sphere r = smax
that circumscribes the source region. Successive terms of
(8) correspond to the potential of a pole (l = 0), three
dipoles (l = 1), five quadrupoles (l = 2), etc. at the origin.
(In our magnetic case there are no real monopoles, and the
series starts with the dipole, l = 1, terms.)
In the integral of (10), if the volume element dV is put in
the form ds d A, the volume integral can be organised into
a succession of ‘surface’ integrals over thin spherical shells















ρ(s, θ, λ)Sml (θ, λ)d. (11)
(Integrations are always only over the source region, and
potentials are expressed only in the external region, so from
now on the subscripts s and r will be omitted.) The integra-
tion over  is just a surface harmonic analysis giving the
(l, m) contribution from that radius. So if at radius s the
source density variation is



















Algebraically (10) and (14) are the same whatever the shape
of the real source volume; if this is not spherical ρ(s) is
simply put to zero as necessary when making the surface
harmonic analysis. (There might of course be arithmetic
problems in the surface harmonic analysis if ρ(s) is large
next to a boundary.)
Using this spherical harmonic approach has the advan-
tage that for a given degree l the series automatically pro-
duces the correct number (2l + 1) of independent functions
Rml (r) (orthogonal over spherical surfaces) and correspond-
ing moments. Alternatively, if 1/|r − s| is expanded using
a Cartesian approach, this leads to terms most easily ex-
pressed using tensor notation (see e.g. Raab and De Lange,
2005). However, formally this leads to more than (2l + 1)
moments/spatial functions, but not all of these are indepen-
dent (orthogonal); this redundancy is discussed in physical
terms in Wikswo and Swinney (1984), and in terms of trace-
less tensors by Raab and De Lange (2005, section 1.6).
In the context of geomagnetism, it is conventional to
assume that µ = µ0 everywhere, and to include a factor
of µ0 in the definition of a different ‘potential’ ψ , giving
B = − grad ψ and ∇2ψ = 0. (15)
It is also conventional to introduce a reference radius a, and
to scale the moments Mml and spatial functions R
m
l so that
each now has the same dimensions for all degrees l. In our










Sml (θ, λ); (16)
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the gml (h
|m|
l for negative m) are the so-called Gauss coeffi-
cients, appropriate to the reference radius a. By comparison
with (8) we see that
gml = (µ0/4πal+2)Mml . (17)
1.3 Magnetic vector potential
Of course magnetic fields are produced not by poles, but
by currents, having current density say J(s). The magnetic




J(s) × (r − s)
|r − s|3 dV . (18)
Inside the source region the concept of scalar potential is no
longer useful. We can however use the vector potential A,
with B = curl A, everywhere, and the equivalent equation





|r − s|dV . (19)
(When putting B = curl A, the gauge of A is not unique; we
have selected the Coulomb gauge (see e.g. Jackson, 1975,
section 6.4). However this does not affect the use of A here;
see the discussion at the end of Section 4.)
It is a standard result (see e.g. Gray (1978, equation (6)),
or Backus et al. (1996, pp. 131–132) that (19) leads to (in
our notation)









|r − s| [s · curlh J(s)]dV, (20)
where the subscript h refers to the surface operator.
Outside the source region the same technique of expand-
ing 1/|r− s| as a series can be applied, though of course we
now have to use vector algebra. For example, Backus et al.
(1996) expanded 1/|r − s| using the spherical harmonic ap-
proach, and by comparing the expressions for the resulting
radial field terms with those given by the scalar potential
(16), derived a general expression for the gml in terms of







sl Sml (θ, λ)s · curlh J(s)dV ;
(21)
in effect they made a radially weighted spherical harmonic
analysis of s · curlh J(s).
However we are looking for a method that avoids taking
derivatives of J, as this could lead to errors if J was specified
numerically. For each gml it is possible to use vector algebra,
and the constraint div J = 0, to convert the integrand of
(21) into a form using J directly. Unfortunately, working in
Cartesian components often leads to integrands involving
all three components Jx , Jy and Jz ; further manipulations
using div J = 0 have to be used to reduce the integrands to




































xy JzdV . (26)
Another possible approach is to expand the inverse radius
in (19) using a Cartesian Taylor series expansion. Convert-




3(rˆ · s)2 − s2
2r3
J(s)dV . (27)
Taking the curl, using considerable vector algebra, applying
the constraint div A = 0 (equivalent to div J = 0), and
comparing the terms with those given by the scalar potential
approach, we can again obtain the expressions (22) to (26)
above.
However these are ad hoc process, only feasible for low
degree terms. In Section 2 we present a systematic method
for obtaining the Gauss coefficients in terms of integrals
over J(s) itself, and the corresponding series expansion for
the vector potential. In Section 3 we briefly discuss other
approaches and recent work, using a consistent notation.
1.4 Toroidal and poloidal electric currents and mag-
netic fields
When considering the effects of a current distribution in
a sphere, it is common practice to separate the ‘toroidal’
current systems, which have current purely in concentric
spherical surfaces and have no radial component, from the
‘poloidal’ current systems, which do have radial (as well as
tangential) components); see e.g. Backus et al. (1996, sec-
tion 5.3). It is a standard result that toroidal currents pro-
duce only poloidal magnetic fields, both inside and outside
the region of current, while poloidal current systems pro-
duce only toroidal magnetic fields, and these only inside the
current region. So we know that the whole of a poloidal cur-
rent system (the sum of its radial and associated tangential
parts) produces no magnetic field outside the source region.
But the middle term of (20) shows that the radial part of
such a poloidal current system gives no external field, so it
follows that the tangential part must also give no external
field. Therefore it does not matter if the tangential part
of any poloidal current system is included or not in our
calculation; we do not need to make the toroidal/poloidal
separation before integration.
Following Engels and Olsen (1998), in the source region
we can put
B = Btor + Bpol = curl sT + curl curl sP, (28)
where T and P are the defining toroidal and poloidal scalar
fields. This leads to the corresponding poloidal and toroidal
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currents
µ0J = µ0(Jpol + Jtor) = curl B = curl(Btor + Bpol)
= curl curl sT + curl curl curl sP, (29)
(note that it is Jtor that gives Bpol) which can be put in the
form
µ0(Jpol + Jtor) = curl curl sT + curl sQ, (30)
where Q is another scalar field.
2. Series Expansion of the Vector Potential
In geomagnetism, until recently the vector potential has
been used only indirectly, as a means of obtaining expres-
sions for the scalar potential Gauss coefficients. However
Kazantsev (1999) produced expressions for the vector po-
tential produced outside an arbitrary current distribution,
using vector potential ‘moments’. His paper is difficult to
follow, so we now give an equivalent approach for the de-
termination of these moments; we also show how they are
related to the scalar potential Gauss coefficients.
We saw in Section 1.2 that a particular external scalar po-
tential Sml (θ, λ)/r
l+1 came from that part of the charge/pole
source distribution in a thin spherical shell that was pro-
portional to Sml (θ, λ). Because of the orthogonality of
the Sml (θ, λ), the total (l, m) moment could be obtained
by (in effect) performing a spherical harmonic analysis of
the charge/pole source distribution within each shell, then
weighting by sl+2 when integrating over radius to give the
total moment. What is now described is the equivalent for
an arbitrary current distribution. The middle term of (20)
shows that (when integrated over the source region) any
radial component of current produces no external field, so
in our spherical shell we need consider only the tangential
components of current. As our basis functions we use the
dimensionless surface vector harmonics Kazantsev (1999)
called αml (θ, λ),
αml (θ, λ) = curl(rSml (θ, λ)) = −r × gradh Sml (θ, λ). (31)
This −r × gradh operator is essentially the same as the an-
gular momentum operator L of quantum mechanics. These
αml (θ, λ) have spherical polar components













and are essentially the ‘vector spherical harmonics’ used in
electromagnetic wave theory (see e.g. Jackson, 1975, sec-
tion 16.1), and in the separation of toroidal and poloidal cur-
rent systems; in the notation of Section 1.4 they are toroidal
fields. Just as the individual scalar functions Sml (θ, λ) are
orthogonal over the sphere (having mean-square value of
1/(2l + 1)), so also are the corresponding surface vector
functions αml (θ, λ) (see e.g. Jackson, 1975), which have a
mean-square value of l(l + 1)/(2l + 1). (Although this or-
thogonality is not usually stated explicitly in the geomag-
netic context, it is a standard result (see e.g. Lowes, 1975)
that the tangential vector fields gradh S
m
l (θ, λ) are orthog-
onal for different (l, m); the r × operator essentially just
interchanges the θ and λ components.)
By analogy with the expansion (8) for the scalar poten-
tial, we can expand the external vector potential given by a










(Note that, by analogy with the Mml moments we used for
the magnetic scalar potential, we use mml for the corre-
sponding moments for the vector potential; there should
not be any confusion with the superscript m used to de-
note spherical harmonic order.) For a given (l, m) the
field curl[αml (θ, λ)/r
l+1] given by this vector potential ap-
proach, must have the same field geometry as the field
−grad[Sml (θ, λ)/rl+1] given by a scalar potential approach;
the two fields can differ only by a constant factor. It is




l+1) = curl (−r × grad (Sml (θ, λ)/rl+1))
= −l grad (Sml (θ, λ) /rl+1) (34)
(a proof is given by Stump and Pollack, 1998, p. 806), so for
a given source the vector potential moments mml are a factor
l smaller than the corresponding scalar potential moments
Mml .
Using the orthogonality of the αml (θ, λ), we can expand
a general volume tangential current distribution Jh(s, θ, λ)
as the series





l (θ, λ) (35)
where






J(s, θ, λ) · αml (θ, λ)d. (36)
(Strictly, these J ml give only the toroidal part of the surface
current Jh ; but this is exactly the part that produces external
poloidal magnetic field.) It follows from (34) and (46)





sl+2 J ml (s)ds (37)
analogous to (14) for the scalar potential moment. Revers-





J(s) · αml (θ, λ)sldV (38)
for an arbitrary source volume, analogous to (10); the extra
factor of 1/ l(l + 1) occurs because the Sml and αml have
different mean-square values. (In (38) J(s) can be the full
(toroidal + poloidal) current density; the scalar product
with αml (θ, λ) picks out only the toroidal part.) So from







J ml (s)ds. (39)









J(s) · αml (θ, λ)dV . (40)
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l (θ, λ), (41)
giving the vector potential directly in terms of the Gauss
coefficients; this is the equivalent of the scalar potential
expression (16).
A result equivalent to (40) was obtained by Gray (1978)
by applying unspecified vector algebra to (21). He also in
effect gave (41).











sl Sml (θ, λ)











sl Sml (θ, λ)s
) · J(s)dV . (43)












which is the same as our (40).
3. Other Approaches
Using the notation of this paper, we now summarise the
relevant parts of an old classical approach, and of three
recent papers.
3.1 Magnetic field produced outside a spherical sur-
face current distribution—Chapman and Bartels
(1940)
Workers on ionospheric phenomena needed to calculate
the magnetic field produced by the ionospheric current sys-
tem, which is often approximated by a surface current dis-
tribution. The standard approach (see e.g. Chapman and
Bartels, 1940, p. 630, but note that their factor of 4π/10
is not needed when working in SI units) is not to work in
terms of the current itself, but to specify the current flowing
in a spherical surface by the equivalent scalar ‘current func-
tion’ F(θ, λ) (analogous to the ‘stream function’ of hydro-
dynamics), that can be expressed as contours on the sphere.
This current function is such that between the two contours
F and F + F there is a current flow of F , parallel to
the contours, clockwise round a minimum. If a surface har-







l (θ, λ) (45)
then the external field produced by the I ml component has
the scalar potential
φml (r, θ, λ) =
l






Sml (θ, λ), (46)







I ml . (47)
In fact for a given current function F(θ, λ) the actual
surface current density is
i(θ, λ) = curl[rˆF(θ, λ)] = −rˆ × gradh F(θ, λ). (48)
Comparing this with the definition of αml (θ, λ) in (31) we
see that the surface current distribution corresponding to the
current function I ml S
m
l (θ, λ) at radius s is just
iml (θ, λ) = iml αml (θ, λ) with iml = (I ml /s). (49)









The concept of a current function used here is formally
only applicable to a surface current (having no component
normal to the surface), or to a current sheet thin enough that
it is sufficiently accurate to use the thickness-integrated cur-
rent density as an equivalent surface current; it cannot be
applied to a general 3-dimensional current system. How-
ever no external magnetic field is produced by any radial
component of current (Eq. (20)), so there is no reason why
equations such as (46) or (47) should not be integrated over
radius, to give the integrated effect of the tangential com-
ponent of a 3-dimensional current as in (39). But workers
using this Chapman and Bartels’ approach do not appear to
have seen this possibility.
3.2 Toroidal currents and poloidal magnetic fields—
Engels and Olsen (1998)
The approach of these authors starts with Eq. (30):
µ0(Jpol + Jtor) = curl curl sT + curl sQ. (51)
Comparing the curl sQ toroidal part of this with (48) we
see that Q(s, θ, λ), the toroidal current scalar at radius s, is
simply a scaled version of F(s, θ, λ), the current function
at radius s. The current function approach used to calculate
ionospheric and similar magnetic fields is essentially the
same as the toroidal current/poloidal field relationship used
in geodynamo theory and elsewhere, and Engels and Olsen
explicitly note the identity for the case of a current sheet. In
each case, the current function F (or the toroidal scalar Q)
is subject to surface harmonic analysis at a given radius, and
the resulting partial coefficient is then weighted by sl+2 and
integrated over radius (though this last step does not appear
to have been done previously by workers using the current
function approach). Using the notation of the present paper,
for a given radius s, Engels and Olsen analysed Jtor in the
form






l (θ, λ). (52)
They worked in terms of the scalar potential, and used a
Green’s function approach to show that if the coefficients
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qml (s) are known as a function of radius s, the resulting












equivalent to our (39). In their examples they used standard
numerical methods to estimate the coefficients at a succes-
sion of discrete radii, and then to estimate the gml . By going
to sufficiently high order (and using also the internal fields
that we have not considered) they had no problem in ap-
plying the method to give the field from thin field-aligned
currents joining the north and south auroral zones.
3.3 Series expansion for vector potential—Kazantsev
(1999)
Kazantsev introduced the approach of analysing the tan-
gential current density in terms of the αml (θ, λ) and then
integrating over radius to give our moments mml . (Note
that his moments jml are numerically l times larger than
our mml ). Unfortunately his notation and mathematical ap-
proach are difficult to follow for readers with a geophysical
background. Kazantsev did not relate his moments to the
Gauss coefficients, and although he gives explicit expres-
sions for the αml , he does so using Cartesian components,
which adds further complication.
3.4 The paper by Stump and Pollack (1998)
Unlike Engels and Olsen (1998) and Kazantsev (1999),
the paper by Stump and Pollack (1998), was restricted to
the calculation of the field produced outside the current
distribution on a single surface, and they apparently did not
know of the Chapman and Bartels (1940) current function
approach. As in the other two papers they expanded the
current density at radius s in the form (their vector spherical
harmonics had the opposite sign)





l (θ, λ), (54)
used the spherical harmonic expansion of 1/|r − s| to give










αml (θ, λ), (55)








equivalent to (47) above.
4. Conclusion
In geomagnetism, once the Gauss coefficients are known,









Sml (θ, λ), (16)
but there does not seem to have been a simple expression
enabling the Gauss coefficients to be derived by the volume










J(s) · αml (θ, λ)dV, (40)
where the vector harmonics αml (θ, λ) are defined in (31) or
(32). If the horizontal part of the current density at radius s
is expanded in the form













J ml (s)ds. (39)
There might be situations where it is more convenient to
work in terms of the vector potential, and the present paper










αml (θ, λ), (41)
giving the external vector potential in terms of the Gauss
coefficients and the surface vector harmonics αml (θ, λ). (Of
course when using vector potential, possible gauge trans-
formations mean that in a particular situation different ap-
proaches might give different A(r); however the difference
will simply be the gradient of a scalar function, and will not
affect the resultant field.)
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